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Abstract. Employing alternative spacetime volume-forms (generally-covariant 
integration measure densities) independent of the pertinent Riemannian space- 
time metric have profound impact in general relativity. Although formally ap¬ 
pearing as “pure-gauge” dynamical degrees of freedom they trigger a number 
of remarkable physically important phenomena such as: (i) new mechanism of 
dynamical generation of cosmological constant; (ii) new type of “quintessen¬ 
tial inflation” scenario in cosmology; (iii) non-singular initial “emergent uni¬ 
verse” phase of cosmological evolution preceding the inflationary phase; (iv) 
new mechanism of dynamical spontaneous breakdown of supersymmetry in su¬ 
pergravity; (v) gravitational electrovacuum “bags”. We study in some detail the 
properties, together with their canonical Hamiltonian formulation, of a class of 
generalized gravity-matter models built with two independent non-Riemannian 
volume-forms and discuss their implications in cosmology. 


PACS number: 04.50.Kd,11 .SO.Qc,98.80.Bp 


1 Introduction 


Alternative spacetime volume-forms (generally-covariant integration measure 
densities) independent on the Riemannian metric on the pertinent spacetime 
manifold have profound impact in field theory models with general coordinate 
reparametrization invariance - general relativity and its extensions, strings and 
(higher-dimensional) membranes. 

Although formally appearing as “pure-gauge” dynamical degrees of freedom the 
non-Riemannian volume-form fields trigger a number of remarkable physically 
important phenomena. Among the principal new phenomena are: 
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• (i) new mechanism of dynamical generation of cosmological constant; 

• (ii) new type of ’’quintessential inflation” scenario in cosmology describ¬ 
ing both the “early” and “late” universe in terms of a single scalar field; 

• (iii) non-singular initial phase of cosmological evolution - “no Big-Bang” 
“emergent universe” - preceding the inflationary phase; 

• (iv) new mechanism of dynamical spontaneous breakdown of supersym¬ 
metry in supergravity; 

• (v) Coupling of non-Riemannian volume-form gravity-matter theories to 
a special non-standard kind of nonlinear gauge system containing the 
square-root of standard MaxwellA^'ang-Mills Lagrangian yields charge 
confinement/deconfinement phases associated with gravitational elec¬ 
trovacuum “bags”. 

Properties (i)-(iii) are discussed in more details in what follows. 

The ideas of the present formalism rely substantially on a series of previous pa¬ 
pers m (for recent developments, see Refs. ||2l), where a new class of generally- 
covariant (non-supersymmetric) field theory models including gravity - called 
“two-measure theories” (TMT) was proposed based on the principal proposal to 
employ an alternative volume form (volume element or generally-covariant inte¬ 
gration measure) on the spacetime manifold in the pertinent Lagrangian action. 
TMT appear to be promising candidates for resolution of various problems in 
modern cosmology: the dark energy and dark matter problems, the fifth force 
problem, etc. 

In standard generally-covariant theories (with action S' = / d^x^J—gC) the Rie- 
mannian spacetime volume-form, i.e., the integration measure density is given 
by y/—g, where g = det Wg^vW is the determinant of the corresponding Rieman- 
nian metric ^/—g transforms as scalar density under general coordinate 
reparametrizations. 

There is no a priori any obstacle to employ instead of ^/—g another alterna¬ 
tive non-Riemannian volume element given by the following non-Riemannian 
integration measure density: 

<^{B) = ■ ( 1 ) 

Here is an auxiliary rank {D — 1) antisymmetric tensor gauge field, 

which will turn out to be pure-gauge degree of freedom. <i)(i3) - the dual field- 
strength of - similarly transforms as scalar density under general 

coordinate reparametrizations like ^/—g. 

An important property of the present formalism is that the non-Riemannian mea¬ 
sure density <i>(i3) becomes on-shell proportional to the standard Riemannian 
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one ^/—g (see Eq.Q below), i.e., the physical meaning of $(-B) as a measure is 
preserved. 

In the next Section 2 we describe in some detail the construction within the La- 
grangian formalism of a new class of generalized gravity-matter theories built 
in terms of two different non-Riemannian volume-forms and derive the effec¬ 
tive Lagrangian in the physical “Einstein frame”. In Section 3 we provide a 
general canonical Hamiltonian treatment of gravity-matter theories with non- 
Riemannian volume-forms and elucidate the physical meaning of the auxiliary 
volume-form helds. Section 4 is devoted to discussion of the cosmological im¬ 
plications of the above class of generalized gravity-matter theories with two non- 
Riemannian volume-forms. The central result here is the derivation of an effec¬ 
tive scalar (“inflaton”) potential with two infinitely large fiat regions with vastly 
different energy scales. In Section 5 we briefly describe the construction of the 
“emergent universe” solution as a non-singular (“no Big-Bang”) initial phase of 
cosmological evolution preceding the inflationary phase. 

2 Gravity-Matter Theories with Two Non-Riemannian Voiume- 
Forms 


Let us now consider modifled-measure gravity-matter theories constructed in 
terms of two different non-Riemannian volume-forms (employing first-order 
Palatini formalism, and using units where GNewton = I/IAtt) |[3l: 

+ J d'^X^2iB) 

Here and below the following notations are used: 


5= / d^a:$i(y4) 




-b eR^ + 


m) 




( 2 ) 


• 4*1 (A) and are two independent non-Riemannian volume-forms: 

$i(4l) = . (3) 

• is the dual field-strength of a third auxiliary gauge held 

HH) = , (4) 

whose presence is essential for the consistency of (O. 

• R = g^^''R^u{T) and RfiyiT) are the scalar curvature and the Ricci tensor 
in the first-order (Palatini) formalism, where the affine connection E^^^^ is 
a priori independent of the metric In the second action term in (O 
we have added a R^ gravity term (again in the Palatini form). The gravity 
model R + R? within the second order formalism was the first inflationary 
model originally proposed in Ref. 0. 
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• denote two different Lagrangians of a single scalar matter field 

(“dilaton” or “inflaton”) of the form; 

-V{(p) , V{ip) = fie^p{-aip} , (5) 

9^"FU{lp) , U{ip) = f2exp{-2a(p} , (6) 

where a, /i, /2 are dimensionful positive parameters, whereas 6 is a di¬ 
mensionless one. 


The action (|2j possesses a global Weyl-scale I 


invariance: 


g^y —^ ^ ^^x , ^ ^ A — In A , 

a 

^fiyK ^ ^ BfiyK 7 ^fiyK, ^ 




^ fiyK. • 


(7) 


The equations of motion w.r.t. affine connection yield the following solution 
for the latter as a Levi-Civita connection: 

Kx = Kxia) = ^9^'" {d^9x^ + dx9uK - d^g^x) , ( 8 ) 

corresponding to the Weyl-rescaled metric 

gtiv = (xi + ‘^iX2R)gxLv , xi = , X2 = ■ ( 9 ) 

Transition from the original metric to realizes the passage to the physical 
“Einstein-frame", where the gravity equations of motion acquire the standard 
form of Einstein’s equations: 

Rfiuig) ~ '^gr'.vRig) — 

with an appropriate effective matter energy-momentum tensor given in terms of 
an effective Einstein-frame matter Lagrangian Left (see d2lTi below). 

Variation of the action (|2|i w.r.t. auxiliary tensor gauge helds and 

Hp,u\ yields the equations: 




= 0 , du 


+ ei?2 + 


m) 




= 0, a 




whose solutions read; 

$2(77) ('1'. 

—■;=^ = X 2 = const , R + L^'-' = —Ml = const , 

+ ei?2 ^ ^ 
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Here Mi and M 2 are arbitrary dimensionful and X 2 arbitrary dimensionless in¬ 
tegration constants. 

The first integration constant X 2 in ifTSli preserves global Weyl-scale invari¬ 
ance dTji whereas the appearance of the second and third integration constants 
Ml, M 2 signifies dynamical spontaneous breakdown of global Weyl-scale in¬ 
variance under (|7]i due to the scale non-invariant solutions (second and third 
ones) in (fT2l i. 

It is very instructive to elucidate the physical meaning of the three arbitrary in¬ 
tegration constants Mi, M 2 , X 2 from the point of view of the canonical Hamil¬ 
tonian formalism. Namely, Mi, M 2 , X 2 identified as conserved Dirac- 
constrained canonical momenta conjugated to (certain components of) the aux¬ 
iliary maximal rank antisymmetric tensor gauge fields a ; 1 H^^x enter¬ 

ing the original non-Riemannian volume-form action dU (for details, see next 
Section 3 below). 

Varying ^ w.r.t. and using relations (fT^ we have: 


XI 


+ \ - T^V)]-Ix2 [t^V+ 9^. {eR^ + M2)-2RR, 


where xi and X 2 are defined in and are the energy-momentum tensors 
of the scalar field Lagrangians with the standard definitions: 


= 0 , 
(13) 


7 ^( 1 . 2 ) 






(14) 


Taking the trace of Eas. lfOl l and using again second relation (fTSI) we solve for 
the scale factor xi: 


r(2)/4 + M2 

Xi - ^2^(1) _r(i)/2_Mi 


(15) 


where 

Using second relation (fTSl i Eas.(fT3ll can be put in the Einstein-like form: 


R 




1 

'^gfj.vR 


1 


+ 


X2 

2xiU 


{M2Ee{L^B 


(16) 


where: 

H = 1 - ^2e -bMi) . (17) 

Let us note that (|9|l, upon taking into account second relation (fl^ and (fTTl i. can 
be written as: 

9riy = Xi^gri.v ■ (18) 
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Now, we can bring Eas. lfTbl l into the standard form of Einstein equations for the 
rescaled metric (fTSl) . i.e., the Einstein-frame equations: 

Rfiuig) — -^gnvR{g) = 

with energy-momentum tensor corresponding according to the definition (fT4l) : 

( 20 ) 

to the following effective (Einstein-frame) scalar field Lagrangian of non- 
canonical “k-essence” (kinetic quintessence) type in (X = 
denotes the scalar kinetic term): 


Left = A{p)X + B{ip)X^ - Ues{^) 
where (recall V = and U = / 2 e“^“‘^): 


A{p) = 1 -f - e(V - Ml) 


V-Ml 


B{p) = X2- 


J U + M2 + e{V - Mi)^ ’ 
U + M 2 + {V -Mi)be-°‘^ 




Uesip) = 


[/-f M 2 -f e(y - Mi)2 

(V - Mi)2 


4x2 U + M 2 + e{V - MiY^ 


( 21 ) 


( 22 ) 

(23) 

(24) 


3 Canonical Hamiltonian Treatment of Gravity-Matter Theories 
with Non-Riemannian Volume-Forms 


Here we will briefly discuss the application of the canonical Hamiltonian formal¬ 
ism to the new gravity-matter model based on two non-Riemannian spacetime 
volume-forms (|2]). In order to elucidate the proper physical meaning of the arbi¬ 
trary integration constants X 2 , Mi , M 2 (fT^ encountered within the Lagrangian 
formalism’s treatment of (|2|l it is sufficient to concentrate only on the canoni¬ 
cal Hamiltonian structure related to the auxiliary maximal rank antisymmetric 
tensor gauge fields A^,j\, and their respective conjugate momenta. 

Eor convenience let us introduce the following short-hand notations for the field- 
strengths (O, (IHl of the auxiliary 3-index antisymmetric gauge fields (the dot 
indicating time-derivative): 

=A +d,A^ , A = , 41* = -^e^^’^Aojk , (25) 

$2(5) =5+5,5* , 5 = ie*^'*5,,fe , 5* =-ie*^'*5o,fe , (26) 

$(iJ) =ij+a,Lr* , , M* =, (27) 
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Also we will use the short-hand notation: 

L^^\u,u) = R + L^^') , Z(2)(tt,M) = l( 2)+ei?2 , (28) 

where are as in (|5]l-(|6]l and where (u, u) collectively denote the set of the 

basic gravity-matter canonical variables (u) = and their respective 

velocities. 

For the pertinent canonical momenta conjugated to (I25l) - (l27l) we have: 

-ka = Lx{u,u) , -Kb = L^‘^\u,u) +—^{H AdiH'^) , 

TTff = -^{B +d,B^) , (29) 


KAi = 0 , Ksi = 0 , Kfji = 0 . (30) 

The latter imply that A^,B’', iJ® will in fact appear as Lagrange multipliers for 
certain first-class Hamiltonian constraints (see Eas. (l34l l-(lT5ll below). For the 
canonical momenta conjugated to the basic gravity-matter canonical variables 
we have (using last relation (|29]|): 

Pu = {A -\-diA^)—Li{u,u)-\-7THV^—L^‘^\u,u) . (31) 

o u a u 


Now, relations ( l29l l and ( |3TI ) allow us to obtain the velocities ii, A, B, H as 
functions of the canonically conjugate momenta 'u,='u {u,Pu, ka, stc. 

(modulo some Dirac constraints among the basic gravity-matter variables due to 
general coordinate and gauge invariances). Taking into account (llUl-® (and 
the short-hand notations (l25T l- (l28T l) the canonical Hamiltonian corresponding to 
©: 


n = P^u +ka a Ettb B Atth H -{A +diA')Li{u,u) 
-khV^\l^-^Hu,u) + -^{H +d^W) 


(32) 


acquires the following form as function of the canonically conjugated variables 
(hereu=M {u,Pu,ka,kb,kh)): 


n^PuU -kh\/^L^'^^ (u, ii) 

+y/^KHKB - d^A’-KA - diB^KB - diH'-KH ■ (33) 

From (l33t we deduce that indeed A^,B^, ® are Lagrange multipliers for the 

hrst-class Hamiltonian constraints: 

diKA = 0 — T^A = —Ml = const , (34) 
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and similarly: 


-Kb = —M 2 = const , tth = X 2 = const , (35) 

which are the canonical Hamiltonian counterparts of Lagrangian constraint 
equations of motion (fTSli . 

Thus, the canonical Hamiltonian treatment of dU reveals the meaning of the aux¬ 
iliary 3-index antisymmetric tensor gauge fields B^^x, H^,jx - building 

blocks of the non-Riemannian spacetime volume-form formulation of the mod¬ 
ified gravity-matter model (|2]). Namely, the canonical momenta tta, ttb, 
conjugated to the “magnetic” parts A, B, H (I25] l- (l27l i of the auxiliary 3-index 
antisymmetric tensor gauge fields are constrained through Dirac first-class 
constraints (|34ll-(|35ll to be constants identified with the arbitrary integration 
constants X 2 , Mi, M 2 (fT^ arising within the Lagrangian formulation of the 
model. The canonical momenta tt^, tt^, 7r|f conjugated to the “electric” parts 
A®, B®, iJ® (l25T l- (l27] | of the auxiliary 3-index antisymmetric tensor gauge field 
are vanishing (l30l l which makes the latter canonical Lagrange multipliers for the 
above Dirac first-class constraints. 


4 Implications for Cosmology 

The most remarkable feature of the effective scalar potential Ues{p) (l24li is the 
existence of the following two infinitely large fiat regions as function of p: 


• (-)fiat region - for large negative values of p: 


Uesip) L(_) = 


fl/h 

4X2(1 + e/i 7/2) 


• (H-) flat region - for large positive values of p'. 


Uea(.p) ^ t/(+) = 


Ml! M2 

4x2(1 + rMllM2) ’ 


(36) 


(37) 


The qualitative shape of C7eff (v^) (l24ll is depicted on Figs.l and 2. 

From the expression for Ueeip) (l24l) and the Figures 1 and 2 we deduce that we 
have an explicit realization of quintessential inflation scenario 0: continuously 
connecting an inflationary phase of the universe’s evolution corresponding to 
the (most of the) (—)-flat region to a slowly accelerating “present-day” universe 
corresponding to the (-l-)-flat region through the evolution of a single scalar held. 

The flat regions (l3^ and JjTl l correspond to the evolution of early and the late 
universe, respectively, provided we choose the ratio of the coupling constants 
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Figure 1. Qualitative shape of the effective scalar potential Ugg (HU as function of (p for 
Ml < 0. 


^«s 



Figure 2. Qualitative shape of the effective scalar potential Uefs (EU as function of p for 
Ml > 0. 


in the original scalar potentials versus the ratio of the scale-symmetry breaking 
integration constants to obey the following strong inequality: 


?/h .. m?/m, 

+ e/iV/2 1 + eMf/M2 ’ 
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which makes the vacuum energy density of the early universe J7(-) (1361) much 
bigger than that of the late universe (iJTl) '). 

The inequality (l38T l is equivalent to the requirements; 


Zl 

/2 


> 


Ml 


I'lf «' ■ 


(39) 


If we choose the scales \Mi \ ~ and M 2 ^ Mpi I?], where Mew, Mpi 

are the electroweak and Planck scales, respectively, we are then naturally led to 
a very small vacuum energy density; 


17(+) ^ M%^IMU ^ , (40) 


which is the right order of magnitude for the present epoch’s vacuum energy 
density. 

On the other hand, if we take the order of magnitude of the coupling constants 
in the effective potential fi ^ f 2 ^ then the order of magnitude 

of the vacuum energy density of the early universe becomes; 

C/(_) ^ fl/f2 IO-SmI, , (41) 

which conforms to the Planck Collaboration data fS) implying the energy scale 
of inflation to be of order 


5 “Emergent universe” 


Within the present gravity-matter theory with two non-Riemannian spacetime 
volume-forms we find explicit cosmological solution of the Einstein-frame sys¬ 
tem with effective scalar field Lagrangian (l2Tl l- (l24l l describing an epoch of a 
non-singular creation of the universe - “emergent universe” ||9l, preceding the 
inflationary phase. 

The starting point are the Friedman equations QOl; 


d 1 , , „ K 1 d 

- = -T^(P + 3p) , H^ + - = -p , H=-, (42) 

a 12 o a 

describing the universe’ evolution. Here; 

P = \M'p) F +^B{ip) -\-Ues{<p) , (43) 

1 .2 1 .4 

p = -A{(p) P -\--B{(p) P -Uesip) (44) 


are the energy density and pressure of the scalar field (p = H is the Hubble 
parameter and K denotes the Gaussian curvature of the spacial section in the 
Friedman-Lemaitre-Robertson-Walker metric cni: 


da^ = —dt^ a^{f) 


dr^ 


L1 - 


\de'^ 


■ sin 


Odf^) 


(45) 
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“Emergent universe” is defined as a solution of the Friedman Eas.(l42ll subject to 
the condition on the Hubble parameter H: 

K 1 

H = 0 —7> a{t) = oo = const, p + 3p = 0 , “2 “ E'® (“ const) , (46) 

ttg 6 

with p and p as in (l43Tl- (l44l l. Here K = 1 (“Einstein universe”). 

The “emergent universe” condition (l46T l implies that the (^-velocity <^=<^0 is 
time-independent and satishes the bi-quadratic algebraic equation: 

-H(_) Pq -|-2A(_) Pq —2t7(_) = 0 , (47) 


where ^(-), S(-), C^(-) are the limiting values on the (—) flat region of 
A{ip), B{p), UM ©-(El. 

The solution of Ea. (l47l) reads: 


. 2 

‘^ 0 =- 


2 

3^ 


A(_) =F \J 


(48) 


and, thus, the “emergent universe” is characterized with finite initial Friedman 
factor and density: 


“0 —- > Po — g^(-) -I-(7(_) , (49) 

Po z i 

with Pq as in (l48T l. 

Analysis of stability of the “emergent universe” solution (|49] | yields a harmonic 
oscillator type equation for the perturbation of the Friedman factor 5a: 


5 d Euj^Sa = 0 


U} 





(50) 


Thus stability condition > 0 leads to the following constraint on the coupling 
parameters: 


max |-2 , -8(1 -h 3 e/i 7/2) 


1- Jl- 


4(l + 3e/7//2)JJ h 


]} 




(51) 


f2 

Since the ratio ^ proportional to the height of the (—) flat region of the effective 
scalar potential, f.e., the vacuum energy density in the early universe, must be 
large (cf. (l38l l). we hnd that the lower end of the interval in (BTI) is very close to 
the upper end, f.e., ~ —1. 
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From Eas. (l48l l-(l49]l we obtain an inequality satisfied by the initial energy density 
po in the emergent universe; 


t/(_) <po< 2t/(_) , (52) 

which together with the estimate of the order of magnitude for C7(_) dTO implies 
order of magnitude for the initial Friedman factor; 

al - IQ-^KMp^ (53) 

(recall K is the Gaussian curvature of the spacial section). 

6 Conclusions 

• Non-Riemannian volume-form formalism in gravity/matter theories (i.e., 
employing alternative non-Riemannian reparametrization covariant inte¬ 
gration measure densities on the spacetime manifold) naturally generates 
a dynamical cosmological constant as an arbitrary dimensionful integra¬ 
tion constant. 

• Employing two different non-Riemannian volume-forms leads to the con¬ 
struction of a new class of gravity-matter models, which produce an effec¬ 
tive scalar potential with two infinitely large fiat regions. This allows for 
a unified description of both early universe infiation as well as of present 
dark energy epoch. 

• A remarkable feature is the existence of a stable initial phase of non¬ 
singular universe creation preceding the infiationary phase - “emergent 
universe” without “Big-Bang”. 

Eurther very interesting features of gravity-matter theories built with non- 
Riemannian spacetime volume-forms include; 

• Within non-Riemannian-modified-measure minimal = 1 supergrav¬ 
ity the dynamically generated cosmological constant triggers spontaneous 
supersymmetry breaking and mass generation for the gravitino (super- 
symmetric Brout-Englert-Higgs effect) im. Applying the same non- 
Riemannian volume-form formalism to anti-de Sitter supergravity allows 
to produce simultaneously a very large physical gravitino mass and a 
very small positive observable cosmological constant ifTTIl in accordance 
with modern cosmological scenarios for slowly expanding universe of the 
present epoch ifT^ . 

• Adding interaction with a special nonlinear (“square-root” Maxwell) 
gauge field (known to describe charge confinement in fiat spacetime) pro¬ 
duces various phases with different strength of confinement and/or with 
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deconfinement, as well as gravitational electrovacuum “bags” partially 
mimicking the properties of MIT bags and solitonic constituent quark 
models (for details, see uni). 
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